In this paper we consider N −phased investment opportunities where the time evolution of the project value follows a jump-diusion process. An explicit valuation formula is derived under two dierent scenarios: in the rst case we consider xed and certain investment costs and in the second case we consider cost uncertainty and assume that investment costs follow a jump-diusion process.
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Introduction
As several researchers have noted, R&D investments are essentially real growth options because the value of early projects stems not so much from their expected cash ows as from the follow-up opportunities they may create. At each stage the company may decide to exercise the option or not, that is to continue to invest in the project or to shut it down. This is, for instance, the case of the development of new drugs, which begins with research that leads with some probability to a new compound and which continues with testing and concludes with the construction of a production facility and the marketing of the product. Inventors in this eld regularly le applications on a large number of drugs and therapies before knowing whether those drugs will be safe and successful 1 . Given the exibility and uncertainty involved in such projects, traditional tools fail to capture the value of R&D investments.
In the present paper we consider investment opportunities that are by their nature sequential and where strategically relevant, new information may arrive at each investment stage. This problem can be best modeled as an N −fold compound option on the commercialization phase where in each of the N stages the company faces the option of shutting the project down or of continuing its operations, that is, to continue to invest in the project. The arrival of new strategically important information at discrete points in time can be accommodated by modelling the dynamics of the project value as a jump-diusion process 2 , where the Gaussian diusion process represents business-as-usual uncertainty and where punctuated jumps at random intervals represent exceptional events such as major project failures or important breakthroughs. Indeed, apart from the obvious market risk, research intensive rms face a number of risks, that, for convenience, we summarize under the heading "rare events".
Under the assumption of lognormality of the jump distribution we analytically solve the valuation problem of an N −staged investment opportunity under two dierent scenarios. Firstly, we consider the case where investment costs are deterministic and perfectly known at the beginning of the project.
Secondly, we consider the case where investment costs are stochastic and unknown at the beginning of the project, but where it is known that they follow a jump-diusion process.
The paper is organized as follows. Section 2 provides an overview of the related economic litera- 1 In the USA, for example, because of FDA regulation, R&D activity for a new drug can be divided into ve major phases: (1) discovery and pre-clinical research, (2) phase I clinical trials, (3) phase II clinical trials, (4) phase III clinical trials and (5) regulatory review and approval. Each phase represents an option on a new phase of the process. Therefore, R&D projects can be considered as N −fold compound options. See, for example, Cassimon et al., (2004) where R&D projects of pharmaceutical companies are valued using 6-fold compound options. 2 Recent literature argues that jump-diusion processes better represent the return dynamics of nancial and real asset. Such processes may account for fat tails and skewness of probability distributions. See Boyarchenko (2004) for further information. ture. Section 3 provides a description of the economic model and derives a closed-form solution for a N −fold compound call option with a mixed jump-diusion process. An extension to the pricing of a N −fold compound option where both the underlying project value and the investment cost follow jump-diusion processes is presented in Section 4. In Section 5, we provide numerical results. The nal section concludes the paper. 
for k = 2, ..., N and where F k−1 (V, T k ) stands for the value of the underlying compound option at time T k and I k is the exercise price. According to (1) , at time T k , the venture capitalist faces the option of investing an amount I k , gaining access to stage k − 1 of the project whose value is
to shut the project down. The option will be exercised if We assume deterministic investment costs I k , for k = 1, 2, ..., N , which are perfectly known at time 0; the project value is unknown and uncertain and, denoting by V t the time t ∈ [0, T 1 ] evaluation of the project, we assume that V t follows a jump-diusion process:
where α is the drift rate, σ is the volatility of the Brownian part of the process, conditional on no jumps occurring, dz is a standard Gauss-Wiener process and dq is a Poisson process with constant intensity λ (> 0). Therefore, dq = 0 with probability 1−λdt and dq = 1 with probability λdt, or, in other words, over a small time period dt, the probability of a jump in V is λdt, where the random
accounts for the relative jump amplitude. The average relative jump size,
is denoted by K, where E is the expectation operator over the distribution function of Y under the objective probability measure P. We assume that the random variable Y and the Poisson process dq are independent of each other and also independent of the Brownian motion dz.
The project value V as given by (2) J are constants. We assume that the venture capitalist achieves risk neutrality by holding a diversied portfolio of activities. In other words, we assume that he invests in activities with negatively correlated risk factors, thereby gaining risk insulation and earning, in expected terms, the exogenously given risk-
We impose this assumption on the distribution of jump sizes since this is the simplest type of model that illustrates the intuition underlying an N −fold compound options valuation with jumps. neutral rate of return r ≥ 0. Under this assumption, the risk-neutral project value can be described by the following stochastic dierential equation:
where dz * is a standard Wiener process 6 , dq, Y are as above, independently distributed of dz * and µ * is such that the discounted project value is a martingale under Q:
In the sequential investment model, we want to determine the value of the investment opportu-
, being the boundary condition. Let V * k denote the value of V such that the underlying option is at the money at time T k , i.e.,
where V * k solves:
In other words, if the value of V at time T k , is greater than V * k , the venture capitalist continues to invest in the project, i.e. the compound option will be exercised, while for values less than V * k it will be abandoned. Note that the critical values V * k are determined recursively and their existence and uniqueness are guaranteed in view of the expression of F k−1 (see Remark 2).
Let us dene n i the number of Poisson arrivals in the time interval [T i+1 , T i ] , i = 1, 2, ..., N, and let 6 If through portfolio diversication the venture capitalist replicates the market valuation of the project and if the jump risk is diversiable, then according to the CAPM α = r + βσ, where βσ is the risk premium, r is the risk free interest rate and therefore dz * = dz + βdt. Note that in such a context the jump risk yields a zero risk premium if it is uncorrelated with the market as a whole, as it is the case, for example, if jumps are due to innovations in technology, actions undertaken by competitors and changes in the rm's strategy. See, for example, Lint and Pennings (1997) and Martzoukos and Trigeorgis (2002) . 
be the total variance conditional on the occurrence of s k jumps in the interval
be the logarithmic return 8 . The correlation between x Tj and x Ti , over the overlapping time interval T j < T i , for 1 ≤ i ≤ j ≤ k and k = 1, 2, ..., N , conditional on observing s j and s i jumps, respectively, is:
For any k, 1 ≤ k ≤ N , let Ξ k denote a k−dimensional symmetric correlation matrix with typical element ρ sisj and unitary elements on the principal diagonal and
the k−dimensional multinormal cumulative distribution function, with upper limits of integration ζ k , ..., ζ 1 and correlation matrix Θ k .
Our aim is to obtain a valuation formula for the N −fold compound option. Let V * N denote the value of V such that F N −1 (V, T N ) − I N = 0. Then, if the project value V , at time T N , is greater than the critical value V * N , the venture capitalist should exercise the option, that is to start to invest in the project.
Proposition 1 If the project value follows a jump-diusion process (3), then the expected present value of the N −staged investment project with nal pay-o max {V − I 1 , 0} and with investment costs
where:
Proof. See appendix.
Remark 1 It is easy to see that:
and
and therefore V *
According to equation (5), the pricing formula has the following interpretation. The price of the jump-diusion N −fold compound option can be expressed as the weighted sum of the N -fold compound option prices where each weight equals the joint probability that a Poisson random variable with constant intensity λ will take on exactly the value n i in each time interval
The expression:
can be interpreted as the joint probability of the multicompound option expiring in-the-money under the equivalent martingale probability measure, so that the second component in (5) is the present value, computed using risk adjusted probabilities, of the subsequent investment costs 9 . The expression:
can be interpreted as the joint probability that the multicompound option will be exercised, so that the rst component in (5) is the present value of receiving the future cash ows at expiration of the option. Using the same notation as in section 3, the project payo at time T 1 , the time of market launch, is a scaling factor that allows for greater exibility in the modelling of investment costs. The k−fold compound option value can be written in a recursive way and its payo at the option's maturity date T k is given by:
for k = 2, ..., N and where W k−1 (V, I, T k ) stands for the value of the underlying compound option at time T k . Thus, at time T k , the venture capitalist faces the option of investing an amount I T k p k , and therefore entering stage k − 1 of the project whose value is W k−1 (V, I, T k ), or to shut the project down.
Notice that the option at time T 1 can be viewed as a simple exchange option 11 where the delivery asset is I and the optioned asset is V and the phased investment problem can be viewed as a compound exchange problem (see, for example, Carr, 1988) .
Under the risk-neutral martingale measure Q, the dynamics of the underlying assets are given by 10 See also Wu and Yen (2007) the following jump-diusion processes 12 : Let us dene by V c the price ratio of V to I. This allows us to write 13 :
where I T k is the numeraire and
Let us denote by V c * k the critical price ratio such that the underlying option is at the money at time T k , i.e., V 12 Also in this case we assume that the venture capitalist is diversied, that is that he keeps a portfolio of activities which allows him to value activities in a risk-neutral way. 13 Given the above mentioned properties of V and I it can be shown that the homogeneity theorem holds where
See for example Carr (1988) and Geman, El Karoui and Rochet (1995). Ti over the overlapping time interval T j < T i , for 1 ≤ i ≤ j ≤ k and k = 1, 2, ..., N , conditional on the random event occurrences, is:
Proposition 2 If the project value V and the investment cost I follow jump-diusion processes (6) and (7), respectively, then the expected present value of a N −staged investment project with nal pay-o max {V − I, 0} and with investment cost p k I T k at time T k , k = 2, ..., N , is:
.., N, and i = 1, 2,
Proof. See appendix. (8) can be seen as the weighted sum of the multicompound exchange option values where each weight equals the joint probability that two Poisson random variables with rates λ 1 and λ 2 will take on exactly the value n i and m i , respectively, in each time interval [T i+1 , T i ] , for i = 1, 2, ..., N . The 14 The logarithmic return x c t evolves as: dx c rst component in (8) can be seen as the present value, computed using risk adjusted probabilities, of receiving the future cash ows at expiration of the option. The second component can be seen as the present value of the investment costs. 5 Simulation results
In this section we provide some numerical results on multicompound options. In the rst part of this section we describe how the model developed in Section 3 can be implemented numerically 15 
The project value can undergo local changes i = ±1, representing the diusion part, or jumps for i = ±1, where the project value can jump possibly to any state in the state space. In order to value options we use Markov transition probabilities within a nite dierence scheme. Local changes, i = ±1, have probabilities approximately equal to 1 2 (see Amin, 1993) , i.e.
The probability of observing a jump is λ M = λh M e −λh M , and, given that a jump occurs, the probability of observing a jump of size l > 1, or l < −1 is:
where ℵ (•) is the cumulative normal distribution function with mean µ J and variance σ 2 J and where, for simplicity's sake, we set
The option value (European style) F 1 (i, m) is calculated in a recursive way, using dynamic programming:
being the pay-o at the expiry date (i.e. boundary condition). Given the properties of the normal distribution, the sums in (9) can be suitably truncated. In the simulations below option values are computed using a 75-nomial scheme.
Compound options can be evaluated in a similar vein. Given T 2 < T 1 the expiration of the compound option, let the pay-o at the expiry date be a function of the underlying option at that
. Following (9), the option value can be calculated recursively. This method extends straightforwardly to the case of N −fold compound options.
In Table 1 we test the accuracy of the procedure by evaluating a 2-fold compound option (call on call option) where a closed form solution is available. Table 1 shows that the algorithm approximates well the closed form solution.
[Insert Table 1] In Table 2 we provide simulations for a 3-fold compound option (call on call on call option) with strike prices I 3 = 5, I 2 = 10 and I 1 = 100 for values of λ = {0.4, 0.6, 0.8, 1}. Exercise dates are T 3 = 0.2, T 2 = 0.35, and T 1 = 0.5. Since by increasing λ we also increase the underlying's total volatility, option prices increase; hence, increasing the average number of jumps (per year) increases the option's value.
[Insert Table 2] Under the martingale approach, the value at time 0 of the European N −fold compound option is given by the following expectation under the risk-neutral measure:
where F N −1 indicates the value of an (N − 1) −fold compound option and V is the project value at the maturity date T N . The expectation in (10) is in general dicult to solve due to jumps in the project value. We address this problem by conditioning on the random event occurrence, and work with the conditional variable thereafter. Thus:
We know that F N −1 (V, T N ) is given by:
andΞ k is a a k−dimensional symmetric correlation matrix with typical element:
Moreover, the project value at time T N under the risk-neutral probability Q and conditioned on n N jumps in the interval [0, T N ], is:
where ξ has a standard Gaussian probability law under Q. Therefore, the value at time 0 of the European N −fold compound option is:
where n (.) is the normal density function,
., N − 1, the function φ : R −→ R is given by:
and, nally, the constant u N is dened implicitly by the equation:
The last term in (12) can be written in the form:
Using (4) and rearranging terms, it follows that:
Therefore, we substitute each termρ sisj in the matrixΞ N −j with
The second term in (12) can be written in terms of the N −dimensional multinormal cumulative distribution function by applying the following Lemma.
Lemma 1 Let 1 ≤ k < N , and letΞ k be the matrix obtained fromΞ k by replacing any elementρ sisj
sj s N , by setting:
where α s k and β s k are real numbers, the following identity holds:
Proof. It follows by setting
.., N − 1, and substituting into (13) . Then, the second expression of (13) is obtained by using the denition of the standard multivariate normal distribution.
Finally, we can write the rst term in (12) in terms of the cumulative multivariate normal distribution using Lemma 1, after making the following substitution
Proof of Proposition 2
In the proof we apply a change of numeraire 16 . To establish the proposition we need to calculate the dynamics of the process V and by substituting into Itô 's formula: Neglecting all terms of order (dt) 3/2 , (dt) 2 and above, leads to:
Applying the log-transformation for I t , under the risk-neutral measure Q, it results that: 
16 See, for example, Geman, El Karoui and Rochet (1995). hence, by simple substitution in (15) we can write:
By using the Girsanov's theorem, the process:
is a Brownian motion under the new risk-neutral measureQ. We, therefore, can write dz * 1 as:
where dz * 3 is a Brownian motion independent of dz * 2 under the measure Q. By using equations (16) and (17), we can now rewrite the evolution of the asset V 
